We provide three Fortran programs which evaluate the QCD analytic (holomorphic) couplings A ν (Q 2 ) for complex or real squared momenta Q 2 . These couplings are holomorphic analogs of the powers a(Q 2 ) ν of the underlying perturbative QCD (pQCD) coupling a(Q 2 ) ≡ α s (Q 2 )/π, in three analytic QCD models (anQCD): Fractional Analytic Perturbation Theory (FAPT), Two-delta analytic QCD (2δanQCD), and Massive Perturbation Theory (MPT). The index ν can be noninteger. The provided programs do basically the same job as the Mathematica package anQCD.m published by us previously, Ref.
Nature of problem:
Calculation of values of the running analytic couplings A ν (Q 2 ; N f ) for general complex squared momenta Q 2 ≡ −q 2 , in three analytic QCD models, where A ν (Q 2 ; N f ) is the analytic (holomorphic) analog of the power (α s (Q 2 ; N f )/π) ν . Here, A ν (Q 2 ; N f ) is a holomorphic function in the Q 2 complex plane, with the exception of the negative semiaxis (−∞, −M 2 thr ), reflecting the analiticity properties of the spacelike renormalization invariant quantities D(Q 2 ) in QCD. In contrast, the perturbative QCD power (α s (Q 2 ; N f )/π) ν has singularities even outside the negative semiaxis (Landau ghosts). The three considered models are: Analytic Perturbation theory (APT); Two-delta analytic QCD (2δanQCD); Massive Perturbation Theory (MPT). We refer to Ref. [1] for more details and literature.
Solution method:
The Fortran programs for FAPT and 2δanQCD models contain routines and functions needed to perform two-dimensional numerical integrations involving the spectral function, in order to evaluate A ν (Q 2 ) couplings. In MPT model, one-dimensional numerical integration involving A 1 (Q 2 ) is sufficient to evaluate any A ν (Q 2 ) coupling.
Restrictions: For unphysical choices of the input parameters the results are meaningless. When Q 2 is close to the cut region of the couplings (Q 2 real negative), the calculations can take more time and can have less precision.
Running time: For evaluation of a set of about 10 related couplings, the times vary in the range t ∼ 10 1 -10 2 s. MPT requires less time, t ∼ 1-10 1 s.
General remarks
The included Fortran programs evaluate the holomorphic couplings A ν (Q 2 ) in the dispersive approach to QCD, where we consider three analytic versions: Fractional Analytic Perturbation Theory (FAPT) [2] (and references therein), 2δ analytic QCD (2δanQCD) [3] (cf. also [1, 4] ), and Massive Perturbation Theory (MPT) [5] (cf. also [6, 7] ). These programs are constructed for complex squared momenta Q 2 ≡ −q 2 , in a similar way as the previously published Mathematica package anQCD.m, Ref. [1] (also on the web page: gcvetic.usm.cl). 1 For additional details on the three analytic QCD models with a view to implementing them numerically in Mathematica, we refer to Ref. [1] .
A complication appears in Fortran, though, because in the dispersion integrals for FAPT and 2δanQCD couplings the polylogarithm function Li ν (z) for complex z appears and it has not been implemented in Fortran yet (in Mathematica it is implemented as PolyLog[−ν, z]). In the attached Fortran programs this function is calculated as the following integral [14] :
where ν = n + δ. For better stability, the numerical integration of this integral over ξ is implemented in the complex plane along a ray in the first quadrant. This then results in two-dimensional integration for the evaluation of FAPT and 2δanQCD couplings A ν (Q 2 ). This integration is performed numerically with vegas routine [15] . In this approach, overflow and/or underflow problems appear at the edges of the unit square of integration, which are dealt with carefully in the programs. In the evaluation of couplings A ν (Q 2 ) in MPT model, one-dimensional integrations are needed because the integrand involves A 1 (Q 2 /ξ) and no functions Li ν (z).
The Fortran programs are self-contained, i.e., no additional packages are needed. The needed explanations and instructions on the input parameters, compiling commands, and the output form, are all given at the beginning of each Fortran program. The calculations are more time-consuming in FAPT when the complex squared momenta Q 2 are close to the cut negative semiaxis. In all models (FAPT, 2δanQCD, MPT), the number of active quark flavors N f is a fixed input integer.
We wish to point out that this program, in Mathematica form [1] , was already applied without problems to the evaluation of the nonsinglet structure function F 2 in deep inelastic scattering in FAPT model [16] .
Practical aspects of the program

Input parameters
The programs can get compiled with the simple "gfortran" command. For example, the program A2danQCDext.for can get compiled by writing in the directory where the program is stored: "gfortran -o A2dan A2danQCDext.for" and then executed with the command "./A2dan". Before compiling, however, the input parameters should be typed into the program, at (two) places which start with the string "INPUT". In all three programs the following input parameters need to be specified:
1. N f ("Nf"), the number of active quarks; 2. N in ("Nin") and δ in ("delin") indices, where ν = N in +δ in is the index of the coupling A ν ; where N in = 0, 1, 2, 3, 4; and 0 ≤ δ in ≤ 1. 3. |Q 2 | ("AbsQ2", in GeV 2 ) and φ ("ArgQ2", in radians), where Q 2 = |Q 2 | exp(iφ) is the (complex) squared momentum (Q 2 ≡ −q 2 ).
In addition, in the programs AFAPText.for and AMPText.for, the scale Λ N f ("gL2MS", in GeV) of the underlying pQCD coupling needs to be specified. Further, in AMPText.for, the MPT squared effective mass of the gluon m 2 gl ("gM2", in GeV 2 ) needs to be specified. This mass is of the order of magnitude m 2 gl ∼ 1 GeV 2 [5] [6] [7] , and is assumed in our program AMPText.for to be constant at all momenta (and thus independent of Q 2 and of N f ). Instead of the input scale Λ N f in MPT, which basically determines the strength of the MPT coupling A [17] applied within the (analytic) MPT model
Here,
is the MS mass of the corresponding quark entering at the threshold squared momentum µ 2 N f = κm 2 q (κ ∼ 1). We recall that in MPT (and FAPT) we use for the underlying pQCD coupling the 4-loop MS running coupling. In Table 1 we present the values of the scales Λ N f corresponding to various values of m 2 gl and πA 1 (M 2 Z ) in MPT. A similar Table for the values of the scales Λ N f was given for FAPT in Ref. [1] (Table 1 there).
In A2danQCD.for program for 2δanQCD model, the scheme parameter c 2 (= β 2 /β 0 ) was set equal to the central preferred value c 2 = −4.9 (cf. Table 2 of Ref. [1] ). 
Output
After the execution of the program, the results of each program are written in the output file AFAPText.dat (or: A2danQCDext.dat, AMPText.dat). If the input index is ν = N + δ (N = 0, 1, 2, 3 or 4; and 0 ≤ δ ≤ 1), the output will consist of the following couplings:
Here we recall that A ν (Q 2 ) are the logarithmic derivatives analytically extended to noninteger index n → ν, where for integer n these derivatives are
The couplings A ν (Q 2 ) are analytic (holomorphic) in Q 2 , and perturbatively we have A ν ∼ (α s (Q 2 )/π) ν . Further, the couplings A ν (Q 2 ) are the analytic (holomorphic) analogs of the powers (α s (Q 2 )/π) ν , and they are linear combination of the couplings A ν+K (Q 2 ) (K = 0, 1, . . .). For example, A N +δ (Q 2 ) at N N +M LO precision (N is integer; 0 ≤ δ ≤ 1) is the following linear combination:
A N +δ (Q 2 ) = A N +δ (Q 2 ) + M m=1 k m (N + δ) A N +m+δ (Q 2 ).
The expressions for the general coefficients k m (N + δ) were obtained in Ref. [18] . These coefficients involve the Euler Ψ function Ψ(ν) = (d/dν)Γ(ν) and its derivatives Ψ (m) (ν).
In Fortran, Ψ(ν) and Ψ (m) (ν) are calculated by the routine [19] which is used in our Fortran programs.
